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The four Bell states are: 

|𝜃+⟩ =
1

√2
∙ (|00⟩ + |11⟩) 

|𝜃−⟩ =
1

√2
∙ (|00⟩ − |11⟩) 

|𝜓+⟩ =
1

√2
∙ (|01⟩ + |10⟩) 

|𝜓−⟩ =
1

√2
∙ (|01⟩ − |10⟩) 

The Hadamard 

- acts on the one qubit only 

- changes |0⟩ to 
1

√2
(|0⟩ + |1⟩) resp. to |+⟩ 

- changes |1⟩ to 
1

√2
(|0⟩ − |1⟩) resp. to |−⟩. 

We use the following circuit: 

 

 

 

Note: |𝑎⟩ and |𝑏⟩ represent the input bits of the Bell states. The desired result is: 

|𝜃+⟩ → |00⟩, |𝜃−⟩ →  |01⟩, |𝜓+⟩ → |10⟩, |𝜓−⟩ → |11⟩ 

Conceptual level 
Bell state one: 

|𝜃+⟩ =
1

√2
∙ (|00⟩ + |11⟩) 

Step 1: We apply the Hadamard: 

𝐻|𝜃+⟩ =
1

2√2
∙ ((|0⟩ + |1⟩)(|0⟩ + |1⟩) + (|0⟩ − |1⟩)(|0⟩ − |1⟩)) = 

1

2√2
∙ (|00⟩ + |01⟩ + |10⟩ + |11⟩ + |00⟩ − |01⟩ − |10⟩ + |11⟩) = 

1

√2
∙ (|00⟩ + |11⟩) 

Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one. 

CNOT
1

√2
∙ (|00⟩ + |11⟩) =

1

√2
∙ (|00⟩ + |01⟩) 

Step 3: We apply the Hadamard to qubit two. 

H
1

√2
∙ (|00⟩ + |01⟩) =

1

2
∙ (|0⟩(|0⟩ + |1⟩) + |0⟩(|0⟩ − |1⟩)) = |00⟩ 

H 

|𝑎⟩ 

|𝑏⟩ H 

H 
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Bell state 2: 

Step 1: We apply the Hadamard: 

𝐻|𝜃−⟩ =
1

2√2
∙ ((|0⟩ + |1⟩)(|0⟩ + |1⟩) − (|0⟩ − |1⟩)(|0⟩ − |1⟩)) = 

1

2√2
∙ (|00⟩ + |01⟩ + |10⟩ + |11⟩ − |00⟩ + |01⟩ + |10⟩ − |11⟩) = 

1

√2
∙ (|01⟩ + |10⟩) 

Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one. 

CNOT
1

√2
∙ (|01⟩ + |10⟩) =

1

√2
∙ (|11⟩ + |10⟩) 

Step 3: We apply the Hadamard to qubit two. 

H
1

√2
∙ (|11⟩ + |10⟩) =

1

2
∙ (|1⟩(|0⟩ − |1⟩) + |1⟩(|0⟩ + |1⟩)) = |10⟩ 

Bell state 3: 

|𝜓+⟩ =
1

√2
∙ (|01⟩ + |10⟩) 

Step 1: We apply the Hadamard: 

𝐻|𝜓+⟩ =
1

2√2
∙ ((|0⟩ + |1⟩)(|0⟩ − |1⟩) + (|0⟩ − |1⟩)(|0⟩ + |1⟩)) = 

1

2√2
∙ (|00⟩ − |01⟩ + |10⟩ − |11⟩ + |00⟩ + |01⟩ − |10⟩ − |11⟩) = 

1

√2
∙ (|00⟩ − |11⟩) 

Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one. 

CNOT
1

√2
∙ (|00⟩ − |11⟩) =

1

√2
∙ (|00⟩ − |01⟩) 

Step 3: We apply the Hadamard to qubit two. 

H
1

√2
∙ (|00⟩ − |01⟩) =

1

2
∙ (|0⟩(|0⟩ + |1⟩) − |0⟩(|0⟩ − |1⟩)) = |01⟩ 

Bell state 4: 

|𝜓−⟩ =
1

√2
∙ (|01⟩ − |10⟩) 

Step 1: We apply the Hadamard: 

𝐻|𝜓−⟩ =
1

2√2
∙ ((|0⟩ + |1⟩)(|0⟩ − |1⟩) − (|0⟩ − |1⟩)(|0⟩ + |1⟩)) = 

1

2√2
∙ (|00⟩ − |01⟩ + |10⟩ − |11⟩ − |00⟩ − |01⟩ + |10⟩ + |11⟩) = 



Bell States 

D. Kriesell  page 3of 6 

1

√2
∙ (|10⟩ − |01⟩) 

Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one. 

CNOT
1

√2
∙ (|10⟩ − |01⟩) =

1

√2
∙ (|10⟩ − |11⟩) 

Step 3: We apply the Hadamard to qubit two. 

H
1

√2
∙ (|10⟩ − |11⟩) =

1

2
∙ (|1⟩(|0⟩ + |1⟩) − |1⟩(|0⟩ − |1⟩)) = |11⟩ 

Basic level 
We can do the same calculation on the basic level.  

Bell state one: 

|𝜃+⟩ =
1

√2
∙ (|00⟩ + |11⟩) =

1

√2
(

1
0
0
1

) 

The complete Hadamard: 

𝐻 ⊗ 𝐻 =
1

√2
(

1 1
1 −1

) ⊗
1

√2
(

1 1
1 −1

) =
1

2
(

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

) 

Step 1: We apply the Hadamard: 

𝐻 ⊗ 𝐻|𝜃+⟩ = 

1

2
(

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

)
1

√2
(

1
0
0
1

) =
1

2√2
(

2
0
0
2

) =
1

√2
(

1
0
0
1

) 

The topdown CNOT: 

(

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

) 

Step 2: We apply the topdown-CNOT. 

(

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

)
1

√2
(

1
0
0
1

) =
1

√2
(

1
1
0
0

) 

The Hadamard: 

𝐼 ⊗ 𝐻 = (
1 0
0 1

) ⊗
1

√2
(

1 1
1 −1

) =
1

√2
(

1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

) 
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Step 3: We apply the Hadamard to qubit two. 

1

√2
(

1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

)
1

√2
(

1
1
0
0

) =
1

2
(

2
0
0
0

) = (

1
0
0
0

) 

Bell state 2: 

|𝜃−⟩ =
1

√2
∙ (|00⟩ − |11⟩) =

1

√2
(

1
0
0

−1

) 

Step 1: We apply the Hadamard: 

𝐻 ⊗ 𝐻|𝜃−⟩ = 

1

2
(

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

)
1

√2
(

1
0
0

−1

) =
1

2√2
(

0
2
2
0

) =
1

√2
(

0
1
1
0

) 

Step 2: We apply the topdown-CNOT. 

(

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

)
1

√2
(

0
1
1
0

) =
1

√2
(

0
0
1
1

) 

Step 3: We apply the Hadamard to qubit two. 

1

√2
(

1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

)
1

√2
(

0
0
1
1

) =
1

2
(

0
0
2
0

) = (

0
0
1
0

) 

Bell state 3: 

|𝜓+⟩ =
1

√2
∙ (|01⟩ + |10⟩) =

1

√2
(

0
1
1
0

) 

𝐻 ⊗ 𝐻|𝜓+⟩ = 

1

2
(

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

)
1

√2
(

0
1
1
0

) =
1

2√2
(

2
0
0

−2

) =
1

√2
(

1
0
0

−1

) 

Step 2: We apply the topdown-CNOT. 

(

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

)
1

√2
(

1
0
0

−1

) =
1

√2
(

1
−1
0
0

) 
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Step 3: We apply the Hadamard to qubit two. 

1

√2
(

1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

)
1

√2
(

1
−1
0
0

) =
1

2
(

0
2
0
0

) = (

0
1
0
0

) 

Bell state 4: 

|𝜓−⟩ =
1

√2
∙ (|01⟩ − |10⟩) 

Step 1: We apply the Hadamard: 

𝐻 ⊗ 𝐻|𝜓−⟩ = 

1

2
(

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

)
1

√2
(

0
1

−1
0

) =
1

2√2
(

0
−2
2
0

) =
1

√2
(

0
−1
1
0

) 

Step 2: We apply the topdown-CNOT. 

(

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

)
1

√2
(

0
−1
1
0

) =
1

√2
(

0
0
1

−1

) 

Step 3: We apply the Hadamard to qubit two. 

1

√2
(

1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1

)
1

√2
(

0
0
1

−1

) =
1

2
(

0
0
0
2

) = (

0
0
0
1

) 

We compare high-level solution with low-level solution. 

 high-level low-level 

|𝜃+⟩ =
1

√2
∙ (|00⟩ + |11⟩) 

|00⟩ = |0⟩ ⊗ |0⟩ = (

1
0
0
0

) (

1
0
0
0

) 

|𝜃−⟩ =
1

√2
∙ (|00⟩ − |11⟩) 

|10⟩ = |1⟩ ⊗ |0⟩ = (

0
0
1
0

) (

0
0
1
0

) 

|𝜓+⟩ =
1

√2
∙ (|01⟩ + |10⟩) 

|01⟩ = |0⟩ ⊗ |1⟩ = (

0
1
0
0

) (

0
1
0
0

) 

|𝜓−⟩ =
1

√2
∙ (|01⟩ − |10⟩) 

|11⟩ = |1⟩ ⊗ |1⟩ = (

0
0
0
1

) (

0
0
0
1

) 
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We try an example: 

 

 

 

We use the input state |𝜓⟩ = 𝑎|𝜃+⟩ + 𝑏|𝜃−⟩ + 𝑐|𝜓+⟩ + 𝑑|𝜓−⟩. 

We calculate 

The input state: 

|𝜓⟩ =
1

√2
(𝑎(|00⟩ + |11⟩) + 𝑏(|00⟩ − |11⟩) + 𝑐(|01⟩ + |10⟩) + 𝑑(|01⟩ − |10⟩)) = 

|𝜓⟩ =
1

√2
((𝑎 + 𝑏)|00⟩ + (𝑎 − 𝑏)|11⟩ + (𝑐 + 𝑑)|01⟩ + (𝑐 − 𝑑)|10⟩) 

The CNOT inverses qubit two if qubit one is one: 

|𝜓⟩ =
1

√2
((𝑎 + 𝑏)|00⟩ + (𝑎 − 𝑏)|10⟩ + (𝑐 + 𝑑)|01⟩ + (𝑐 − 𝑑)|11⟩) 

The Hadamard is acting on qubit one: 

H|0⟩ =
1

√2
∙ (|0⟩ + |1⟩) 

H|1⟩ =
1

√2
∙ (|0⟩ − |1⟩) 

We apply the Hadamard. We rewrite |𝜓⟩: 

|𝜓⟩ =
1

√2
((𝑎 + 𝑏)|0⟩|0⟩ + (𝑐 + 𝑑)|0⟩|1⟩ + (𝑎 − 𝑏)|1⟩|0⟩ + (𝑐 − 𝑑)|1⟩|1⟩) 

We apply the Hadamard: 

𝐻|𝜓⟩ =
1

√2
((𝑎 + 𝑏)𝐻|0⟩|0⟩ + (𝑐 + 𝑑)𝐻|0⟩|1⟩ + (𝑎 − 𝑏)𝐻|1⟩|0⟩ + (𝑐 − 𝑑)𝐻|1⟩|1⟩) = 

1

2
((𝑎 + 𝑏)(|0⟩ + |1⟩)|0⟩ + (𝑐 + 𝑑)(|0⟩ + |1⟩)|1⟩ + (𝑎 − 𝑏)(|0⟩ − |1⟩)|0⟩ + (𝑐 − 𝑑)(|0⟩ − |1⟩)|1⟩)

= 

1

2
((𝑎 + 𝑏)(|00⟩ + |10⟩) + (𝑐 + 𝑑)(|01⟩ + |11⟩) + (𝑎 − 𝑏)(|00⟩ − |10⟩) + (𝑐 − 𝑑)(|01⟩ − |11⟩)) = 

1

2
((𝑎 + 𝑏)|00⟩ + (𝑎 + 𝑏)|10⟩ + (𝑐 + 𝑑)|01⟩ + (𝑐 + 𝑑)|11⟩ + (𝑎 − 𝑏)|00⟩ − (𝑎 − 𝑏)|10⟩

+ (𝑐 − 𝑑)|01⟩ − (𝑐 − 𝑑)|11⟩) = 

1

2
(2𝑎|00⟩ + 2𝑏|10⟩ + 2𝑐|01⟩ + 2𝑑|11⟩) = 

𝑎|00⟩ + 𝑏|10⟩ + 𝑐|01⟩ + 𝑑|11⟩ 

|𝑎⟩ 

|𝑏⟩ 

H 


