Conceptual Level or Basic Level

Calculating quantum gates can be done on a conceptual level or basic level. We show this with the
example of a combination of Hadamard and CNOT gates.

Example
We use the following circuit:

10)—{ H —p—{ W -7
[¥;) )

[Wo) 1¥1)  I2)  [¥3)

The meter sign denotes measurement in {|0), | 1)} basis.
Suppose [;) = a|0) + b|1), a? + b? = 1.
Conceptual level
We rewrite the initial state as:
[¥o) = 10)(al0) + b|1)) = |0)al0) + [0)b|1) = a|00) + b[01)
Note: constants can float freely through products.
Note: [0)|0) = |00) = |0) ® 0) represents the tensor product or Kronecker product.

1) We apply the first Hadamard to |, ) and get [i;):

1
1) = ﬁum +11)(al0) + b|1)) =

1
ﬁ(a|00) +b|01) + a|10) + b|11))

Note: The Hadamard

- acts on the first qubit only
1

- changes |0) to \/—E(|0) + |1)).
1

- changes |1)to\/—§(|0)— [1)).

2) We apply the CNOT onto |, ). The CNOT swaps the second qubit if the first qubit is |1). In case the
first qubit is |0) the CNOT performs no action.

We apply the CNOT:

1 1
[,) = E(a|oo> +b|01) + a|11) + b|10)) = ﬁ(aIOO) + b|01) + b|10) + a|11))

3) We apply the second Hadamard to |y,). The Hadamard acts on the first bit only.

We separate the first qubit from [y, ):

1 1
l2) = NG 10)(al0) + b[1)) + NG [1)(b]0) + al1))
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Conceptual Level or Basic Level

We apply the Hadamard:

1 1
[¥s) =7 (10) +11))(al0) + b[1)) + - (10) — [1))(b]0) + al1))

We calculate:

1 1
§(|0> + [1)(al0) + b|1)) +§(|0> — [1)(B[0) + al1)) =
%(alOO) + b|01) + a|10) + b|11) + b|00) + a|01) — b|10) — a|11)) =
%((a + b)[00) + (b + @)|01) + (a — b)|10) + (b — @)|11)) =

%((a + b)[00) + (a + b)|01) + (a — b)|10) — (a — b)|11))

We can write this as:

%((a +b)(100) +]01)) + (a = b)(|10) —[11)))

Remark: This shows that applying the CNOT between the two Hadamard changes the first qubit, even
though the CNOT only affects the second qubit.

What we want to show now is the same calculation done on the basic level with the state vectors.

Basic level
We use the Kronecker product and write all states explicitly.

We begin with two qubits:

o) = 10)(al0) + b[1))

We translate into state vectors:

0= (2.0 = )

We get:

wor=()e(«(5)++()= e (@) + ()= ()e()

We build the Kronecker product:

/N
[EnN
N—r
®
/N
S Q
N——r

I
U
/N
QT Q
N—rr

I
S O T Q

We apply the first Hadamard. The Hadamard is built of the Kronecker product H @ 1.

We build the Hadamard matrix:

11 1 1 0 1/(1)2(1) (1)\
reral b iy )
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Conceptual Level or Basic Level

We apply the Hadamard:

1 0 1 0 a a
_1flo 1 o 1 \[b\_1(b
Y1) =—= _ =—
v2i1 0 1 0 0 VZ\a
01 0 -1/ \0 b
We apply the CNOT. We use the CNOT-matrix:
1 0 0 O
01 0O
0 0 0 1
0 010
We check:
a 0
1 ay _[b 0 a 0
L)eGk) =0 Helk)=|.
0 b
0 1 0 0)fb)_[b)_ (14 010 0lffo0 0\ _ /0y (b
0 00 1)\0)={0)=()®) 000 1)la)=|5]=()®)
0 0 1 0/7%0 0 00 1 0/\b a
This works as expected. This changes the second qubit as needed.
We apply the CNOT to [1,):
1 0 0 0\ sa a
Lo 10 offb)_L(b = [1,)
vzio 0 0 1]\a] 2\b 2
0 0 1 0/ \b a
We apply the Hadamard a second time:
1 0 1 0 a
(o1 0o 1 )1(b)_
Vv2i1 0 -1 0 [2\b
01 0 -1 a
a+b a+b
1[b+a a+b
Slaril=5l alp |
b—a —(a—»b)

We compare with the high-level solution:

1
ls) = E((a +b)(100) +|01)) + (a — b)(|10) —[11)))

We resolve the four 4D basis vectors:

|00) = [0)|0) = |0)®|0) = ((1)) ® (é) -

S O O

101) = |0)]1) = |0)®|1) = (é) ® ((1)) -

oS O = O
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Conceptual Level or Basic Level

0 0
110) = [1)|0) = |1)®|0) = (2)@(3) = (1’ 111) = [1)]1) = [1)®[1) = (2)@((1’) _ 8
0 1
We get:
1 0 a+b
1 1
w=5| @+n|d])+@-nl 9 )|=5| o}
0 -1 —(a—b)

Both methods yield the same result.

Result

Classically two bits are independent. Manipulating one bit doesn’t change the other bits.

gubits are not independent. The two qubits from our example build a superposition, a four-
dimensional vector.

The initial state ;) is composed of the qubit |0) and the state |y;) = a|0) + b|1). This can be
calculated via the Kronecker product:

|0} ® (al0) + b|1))
Written as vectors:

a

@eG)={o):wo
0

Note: This is the superposition 4-D-representation of our 2 by 2 initial state.

Now, following the calculation in the basic level we see that the Hadamard changes the 4-D-
representation @:

a a
b\_1(b

H®D| AL 1)
0 b

Applying the Hadamard again would reverse this effect:

a 2a a

1/(5»p _1 2b\ _[Db
(H®1)ﬁ a AN
b 0 0

But the CNOT @ interferes and reverses line three and four to:

s 2)

Q T"TQ
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Conceptual Level or Basic Level

The Hadamard, applied in @ picks up the
interference and does not produce

but instead:

a a+b
b b+a
0 —(a—»b)

The effect: The first qubit changes.

Probabilities

We examine the probability for measuring |0) for the first qubit at the end of the calculation.

Conceptual level
We have:

2 ((a+5)(100) +101)) + (a — b)(I10) ~I11))

We separate the first qubit:

(@ +5)(100) +101)) + (@ — b)(I10) ~I11))) =

1
E(IO)(a +b)(10) +[1) + [1)(a = b)(10) =[1))) =

0 (52100 + 2 1) + 1 (210 - )

2 2

We calculate the probability for |0):
+b\?  (a+ by’ +b)?  (a+b)?
(a )+(a >=(“ )+(a )" _

We calculate the probability for |1):
— by? - b\? -b)?*  (a-b)?
(5 o5 g

2 2 4 4 2 2 4 4
1 a® + 2ab + b? 1 a® —2ab + b?
- 2 G TLAOTO 2oy & Teabrb”
2(a+b) > 2(a b) 5
We use that a? + b? = 1:
a?+b*=1-b*=1—-a*>b=+1-a?
We get:
a® + 2ab + b? a® — 2ab + b?
5 5
2 2
1+42ab 1—2ab _
2 2
1+ 2aV1—a? 1—2av1l—a?
2 2

This is the probability to measure |0) for the
first qubit depending on a:

This is the probability to measure |1) for the
first qubit depending on a:
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Conceptual Level or Basic Level

P(1)

D
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Basic level:
We have the 4D state vector:

a+b
1[ b+a
2 a—>b
—(a—b)
We remember:
a+b \ —» 100)
1[ b+a —» [01)
2l a-b»b —> |10)
—(a=b)/ —> |11)
Measuring the first qubit is the projection of the state vector onto one of the two basis vectors:
l(a + b) a+b
2\a+b + b+a
2\ a-b 1/ a-b»b
—(a—b) E(—(a—b)>
a+b 0
1 a+by_1{a+b 1.0 a—-b \_1 0
2(0)®(a+b)_2 0 5(1)®(—(a—b)>_5 a—b
0 —(a—b)

We calculate the probability for measuring ((1))

lia+b
E(a+b)_)
1
Z(a+b)2+(a+b)2=
a2+2ab+b2_1+2ab

2 2

We calculate the probability for measuring ((1))

1/ a—b»b
5(4a—m>*
1 1—2ab
2 @b+ (~@-py =122

This is the same probability we got at the concep
composer.

You can access the IBM composer via:

tual level. We check this by help of the IBM
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Conceptual Level or Basic Level

https://quantum.cloud.ibm.com/composer?initial=N4IgjighgzgtiBcIDyAFAogOQloEEDKAsgAQBMAdA
AwDcAOgHYCWdAxgDYCuAJgKZE3jdWDAEYBGMk2b9ademABO3AOZEwWAbQASAXRNNFK5pp316IADQ
g6EGNwQgAgnQAuUDJ626cizBvObtXIAC%2BQA

Note: link checked 2025/07/05

We adjust the values for the probability densities a and b to 0.5 and 0.866 to get probabilities of
0.25 and 0.75. We do this by a rotation of 77/3. Note that in the IBM composer we write 2 - 77/3 due

to the double angle behavior.

RY

(2 *pi/f 3)

We inspect the circuit step by step.

7]
N
£
w
o

g i fefif

We reset the two qubits to [00). The probability for [00) is 100%.
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Conceptual Level or Basic Level
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w
o
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We rotate the second qubit by 7T/3 to get the probability densities of 0.5 and 0.866 (v0.75) and
accordingly the probabilities of 0.25 and 0.75. Note that the order of the qubits in the bottom line is

reversed according to the IBM little endian notation. The first qubit in the composer line is the
second qubit in the bottom line.

RZQ A£Qoof i Qo] if

We applied the Hadamard to the first qubit. The probabilities of all qubits have changed. We note
the symmetry between 00,01 and 10,11.
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Conceptual Level or Basic Level

|0}
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We applied the CNOT to the first qubit. Again, the probabilities of all qubits change. We note the
symmetry between 00, 11 and 01, 10.

oo )
RZQ <QIoof i Qofif

We applied the second Hadamard to the first qubit. Again, the probabilities of all qubits change. We
note the symmetry between 00, 10 and 01, 11.
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Conceptual Level or Basic Level
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Measuring the first qubit destroys it. The picture shows the measuring of the first qubit (the right one
in IBM notation) with probability of about 95% to zero and 5% to one.

The second qubit (the left one in IBM notation) is always zero, |0).

Both qubits changed their values.
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